Abstract. We give a new construction of symbols of the differential operators on the sections of a quantum line bundle L over a Kähler manifold M using the natural contravariant connection on L. These symbols are the functions on the tangent bundle T M polynomial on fibres. For high tensor powers of L, the asymptotics of the composition of these symbols leads to the star product of a deformation quantization with separation of variables on T M corresponding to some pseudo-Kähler structure on T M . Surprisingly, this star product is intimately related to the formal symplectic groupoid with separation of variables over M . We extend the star product on T M to generalized functions supported on the zero section of T M . The resulting algebra of generalized functions contains an idempotent element which can be thought of as a natural counterpart of the Bergman projection operator. Using this idempotent, we define an algebra of Toeplitz elements and show that it is naturally isomorphic to the algebra of Berezin-Toeplitz deformation quantization on M .
Introduction
Deformation quantization of a Poisson manifold (M, {·, ·}) is an associative algebra structure on the space C ∞ (M)[ν −1 , ν]] of formal functions on M with the product (named the star product)
where C r are bidifferential operators on M such that C 0 (φ, ψ) = φψ and C 1 (φ, ψ) − C 1 (ψ, φ) = i{φ, ψ}.
Here we use the following definition of formal vectors. Given a vector space V , we denote by V [ν where v r ∈ V and n is possibly negative, and call its elements formal vectors. We assume that the unit constant 1 is the unity of the star algebra (C ∞ Deformation quantization of Poisson manifolds was introduced in the seminal work [1] . The existence and classification of deformation quantizations on the symplectic manifolds were established in a number of papers (see [10] , [12] , [26] , [11] , [13] , [24] , [4] , [29] ). Kontsevich showed the existence and gave the classification of deformation quantizations on an arbitrary Poisson manifold in [22] .
The concept of a star product is related to the notion of operator symbols and their composition. A star product φ ⋆ ψ can be thought of as the asymptotic expansion of a family of symbol products φ * h ψ depending on a small parameter h as h → 0, where the asymptotic parameter h is replaced with the formal parameter ν. For instance, this way one obtains Moyal deformation quantization from the composition of Weyl symbols. In some cases the space of h-dependent operator symbols does not carry a natural symbol product, but the symbol-operator correspondence has a well-defined classical limit as h → 0 which allows to define a star product (see [14] , [28] ). The examples of star products related to symbols are mostly obtained from covariant and contravariant symbols on Kähler manifolds, introduced by Berezin (see [2] , [3] , [7] , [8] , [23] , [18] , [5] , [28] , [21] ). These star products on Kähler manifolds enjoy a special property that the bidifferential operators C r in (1) differentiate their first argument in holomorphic directions and the second argument in antiholomorphic ones or vice versa. The deformation quantizations with this property are called deformation quantizations with separation of variables or of the Wick type (see [16] , [6] , [27] ). It was shown in [16] that all deformation quantizations with separation of variables on a Kähler manifold can be explicitly constructed and bijectively parameterized by the formal deformations of the Kähler form (see also [25] ).
In this paper we consider a formal model of the construction of Berezin-Toeplitz quantization (see [5] , [28] ). Berezin-Toeplitz quantization on a compact Kähler manifold M uses the following data. Let L be a quantum line bundle on M (see the details in the main body of the paper). Denote by Π (N ) the orthogonal projector onto the space of holomorphic sections of L ⊗N , the N-th tensor power of L (the Bergman projector). To a given function φ ∈ C ∞ (M) there corresponds the Toeplitz operator T is not injective and therefore there is no natural product of contravariant symbols. However, one can extract a star product from the asymptotics of the Toeplitz operators as N → ∞. It was proved in [28] that there exists a unique deformation quantization (1) on M, the Berezin-Toeplitz deformation quantization, such that for each k
In [21] the Berezin-Toeplitz deformation quantization was completely identified. It was shown that the deformation quantization with the opposite star product is a deformation quantization with separation of variables whose characterizing formal deformation of the Kähler form was explicitly calculated.
In this paper we define symbols of the differential operators on the sections of L ⊗N and study the corresponding symbol product * 1/N . These symbols are the fibrewise polynomial functions on the tangent bundle T M. The asymptotic expansion of the symbol product * 1/N as N → ∞ leads to the star product * of a deformation quantization with separation of variables on the tangent bundle T M endowed with some pseudo-Kähler structure. It is not clear how to extend the symbols of differential operators introduced in this paper to wider classes of operators that would include, in particular, the Bergman projector Π (N ) . However, one can expect from semiclassical considerations that, as N → ∞, such a symbol of Π (N ) might have a well-defined limit which would be a generalized function supported at the zero section Z of the tangent bundle T M. We show that the star product * can be naturally extended to a class of generalized functions supported at Z and that this class contains an idempotent element. Using this idempotent, one can define an algebra of Toeplitz elements. We show that this algebra is naturally isomorphic to the algebra of Berezin-Toeplitz deformation quantization on M.
Deformation quantizations with separation of variables
Let M be a complex manifold endowed with a Poisson bivector field η of type (1,1) with respect to the complex structure. We call such manifolds Kähler-Poisson. If η is nondegenerate, M is a pseudo-Kähler manifold. On a coordinate chart U ⊂ M with local holomorphic coordinates {z k ,z l }, we write η = igl
The condition that η is Poisson is expressed in terms of the tensor gl k as follows:
The corresponding Poisson bracket on M is given locally by the formula
Deformation quantization (1) on a Kähler-Poisson manifold M is called a deformation quantization with separation of variables if the bidifferential operators C r differentiate their first argument in antiholomorphic directions and its second argument in holomorphic ones. Denote by L φ the operator of star multiplication by a function φ from the left and by R ψ the operator of star multiplication by a function ψ from the right, so that L φ ψ = φ⋆ψ = R ψ φ. Recall that the associativity of the star product ⋆ is equivalent to the condition that [ 
. With the assumption that the unit constant 1 is the unity of the star product, the condition that ⋆ is a star product with separation of variables can be reformulated as follows. For any local holomorphic function a and antiholomorphic function b the operators L a and R b are the operators of pointwise multiplication by the functions a and b, respectively, L a = a, R b = b. It is easy to check that
The Laplace-Beltrami operator ∆ given locally by the formula
∂z k ∂z l is coordinate invariant and thus globally defined on M.
For a given star product with separation of variables ⋆ on M there exists a unique formal differential operator B ⋆ on M such that (6) B ⋆ (ab) = b ⋆ a for any local holomorphic function a and antiholomorphic function b.
The operator B ⋆ is called the formal Berezin transform of the star product ⋆ (see [17] ). We see from Eqns. (4) and (5) that
In particular, B ⋆ is invertible. One can recover the star product of a deformation quantization with separation of variables from its formal Berezin transform. Using B ⋆ as an equivalence operator, one can define a star product ⋆ ′ on (M, η) as follows:
. We call the star product opposite to ⋆ ′ the dual star product to the star product ⋆ and denote it by⋆ so that
It was shown in [20] that⋆ defines a deformation quantization with separation of variables on the complex manifold M endowed with the opposite Poisson bivector field −η, while the star product ⋆ ′ defines a deformation quantization with separation of variables on the manifold M with the opposite complex structure and the same Poisson bivector field η. The formal Berezin transform of the dual star product⋆ is B −1 ⋆ and the star product dual to⋆ is ⋆. It follows from (6) that ( 
7)
B ⋆ a = a and B ⋆ b = b.
In particular, B ⋆ 1 = 1. It was proved in [20] that for any local holomorphic function a and antiholomorphic function b
We call a formal differential operator A = A 0 + νA 1 + . . . natural if the operator A r is of order not greater than r for any r ≥ 0. A star product (1) is called natural if for each r the bidifferential operator C r is of order not greater than r with respect to each of its arguments (see [15] ). For a natural star product the operators L f and R f are natural for any f ∈ C ∞ (M). A star product with separation of variables on a Kähler-Poisson manifold is natural (see [20] , [6] , and [25] ).
Let (M, ω −1 ) be a pseudo-Kähler manifold. We say that a formal closed (1, 1)-form ω = (1/ν)ω −1 + ω 0 + νω 1 + . . . is a formal deformation of the form ω −1 . Deformation quantizations with separation of variables on M are bijectively parametrized by the formal deformations of the pseudo-Kähler form ω −1 as follows. Assume that ω is a formal deformation of the form ω −1 . On a contractible coordinate chart U ⊂ M the formal form ω has a potential Φ = (1/ν)Φ −1 +Φ 0 +νΦ 1 +. . . such that ω = −i∂∂Φ. There exists a unique star product on (M, ω −1 ) such that on each contractible coordinate chart U for any holomorphic function a and antiholomorphic function b the following formulas hold:
Namely, the centralizer of the operators R b and R ∂Φ/∂z l in the algebra of formal differential operators on U can be identified with the algebra of left multiplication operators with respect to some star product ⋆ on U. This star product does not depend on the choice of the potential Φ and determines a global deformation quantization with separation of variables on M parameterized by the formal form ω.
The star product⋆ dual to ⋆ gives a deformation quantization with separation of variables on the pseudo-Kähler manifold (M, −ω −1 ). It is parameterized by a formal formω = −(1/ν)ω −1 +ω 0 + νω 1 + . . ..
A formal density ρ = r≥n ν r ρ r (where n is possibly negative) is called a trace density of a star product ⋆ on M if for any functions φ, ψ ∈ C ∞ (M) such that at least one of them has compact support, the following identity holds:
Recall that a star product on a symplectic manifold has local derivations of the form δ = d/dν +A, where A is a formal differential operator (it does not contain derivatives with respect to the formal variable ν). They are called ν-derivations. On a symplectic manifold each star product has formal trace densities which differ by formal constant factors. There exists a canonical trace density µ uniquely determined by the folowing two requirements (see [17] ). (a) The leading term of the formal series µ is given by the formula
where m is the complex dimension of M.
(b) Given any open subset U ⊂ M with a ν-derivation δ of the star product ⋆ on it and any function f ∈ C ∞ 0 (U), the following identity holds:
for some integer n and with φ n nonvanishing. Locally the function φ can be represented in the form
where θ = n log ν + θ 0 + νθ 1 + . . . . Let ⋆ be the star product of the deformation quantization with separation of variables on a pseudo-Kähler manifold (M, ω −1 ) parameterized by a formal form ω. In [17] we gave an explicit construction of the canonical trace density of the star product ⋆. Denote by B ⋆ the formal Berezin transform of the star product ⋆. Let U be a contractible coordinate chart and Φ = (1/ν)Φ −1 + . . . a formal potential of ω on U. There exists a potential Ψ of the dual formω expressed as
The potential Ψ is determined by Eqn. (9) uniquely up to a constant summand. The first two equations in (9) determine Ψ only up to a formal constant. The canonical trace density of the star product ⋆ can be expressed on U as follows:
where the constant factor C is uniquely determined by requirement (8) .
The star products ⋆, ⋆ ′ , and⋆ have the same trace densities and the same canonical trace density.
Symbols of differential operators on a quantum line bundle
In this section we will relate to a pseudo-Kähler manifold M endowed with a pseudo-Kähler form ω −1 a family of associative products on the fibrewise polynomial functions on the tangent bundle T M. Let U be a contractible coordinate chart on M with holomorphic coordinates {z k ,z l }. Consider a holomorphic Hermitian line bundle L on U with the fibre metric | · | whose metric-preserving covariant connection has the curvature ω −1 . Such a line bundle is called 'quantum'. Let s be a nonvanishing holomorphic section of L. Then Φ −1 = − log |s| 2 is a potential of the form ω −1 so that ω −1 = −i∂∂Φ −1 . In coordinates,
∂z l and satisfies Eqn. (2) . For a given positive integer N we will set
Consider the N-th tensor power L ⊗N of the line bundle L and denote
In the trivialization of L ⊗N determined by the section s N the metricpreserving covariant connection ∇ • is as follows:
Introduce a contravariant connection ∇ • on L ⊗N by lifting the index in (11) via the tensor hgl k :
Let {η k ,η l } be the fibre coordinates on the tangent bundle T U corresponding to the base coordinates {z k ,z l }. For a function f = f (z,z) on U denote the pointwise multiplication operator by f by the same symbol. Introduce the following operators on the sections of L ⊗N :
We make a crucial observation that, according to Eqn. (2), the operators z 1 , . . . , z m , ∇ 1 , . . . , ∇ m pairwise commute and the operators z 1 , . . . ,z m , ∇1, . . . , ∇m pairwise commute as well. We can treat these commuting families as 'coordinate' and 'momentum' operators on the sections of L ⊗N and define symbols of differential operators on L ⊗N via the normal ordering. Denote by P r (T M) the space of fibrewise polynomial functions on the tangent bundle T M whose fibrewise degree is not greater than r and set P(T M) = ∪ r P r (T M). To a fibrewise polynomial function
, where u i and v i are monomials in the fibre variables {η k } and {η l }, respectively, we relate a differential operatorP on L ⊗N represented in the normal form
The symbol-operator mappings P →P is a bijection of the space of fibrewise polynomial functions on T U onto the space of differential operators on the sections of the line bundle L ⊗N . The symbol product will be denoted * h so that for symbols P, Q ∈ P(T M)
Denote by L P and R P the operators of left and right multiplication by a symbol P with respect to the product * h , respectively. Notice that for functions φ, ψ on U and monomials
Due to the commutation relations
where f = f (z,z) is a function on U, we get that
It follows from (12) and (14) that the symbols which do not depend on the antiholomorphic fibre variables {η l } form a subalgebra of the algebra (P(T M), * h ) which will be denoted A. Denote by L A P , R A P the operators of left and right multiplication by a symbol P in the algebra A, respectively. Similarly, B will denote the subalgebra of symbols which do not depend on the variables {η k } and L B P , R B P the left and right multiplication operators by a symbol P in the algebra B. For a function f on U (12) and (14) imply that 
Here the exponentials are given by convergent series in the topology determined by the filtration. We need the following lemma.
Lemma 1. For any functions φ, ψ on M the operators
h commute with the operator of point-wise multiplication by the function ψ,
Proof. Denote by S ⊂D(T M) the ring of operators of the form
), i.e., generated by the multiplication operators by the functions f = f (z,z) and the derivations
The statement that the operators J h φJ −1 h and ψ commute follows from the fact that the ring S is commutative and contains the multiplication operators by the functions f = f (z,z). The rest of the Lemma can be checked similarly.
Notice that for a function f = f (z,z) and monomials (2) and (16) one can check that
h . Taking into account Eqns. (17) and (18) we get
This calculation allows to determine the operator L f .
Lemma 2. The operators of left and right multiplication by a function
f = f (z,z) in the algebra (P(T M), * h ) can be
expressed as follows:
Proof. We will prove the first formula using Eqns. (12), (15) , and (19) . For a function φ = φ(z,z) and monomials u = u(η), v = v(η) we get, taking into account Lemma 1 and that the operator J h commutes with the operator of pointwise multiplication by v(η), that
h (uφv). The second formula in the Lemma can be checked similarly.
Introduce a potential Ξ h on U by the following formula:
where g = det(g kl ). We need to calculate a number of commutation relations in the algebra of differential operators on L ⊗N .
Lemma 3. The following formulas and commutation relations hold:
Proof. We have
A similar calculation provides the formula for the operator ∂Ξ h ∂z q from Eqn. (22) . Further,
The following calculation is based on the identity
and Eqn. (2):
The rest of the Lemma can be proved by similar calculations.
Using Lemmas 2 and 3 we will calculate the left and right multiplication operators with respect to the product * h for a number of symbols.
Lemma 4. For a holomorphic function a and an antiholomorphic function b on U the following formulas hold:
The four formulas in the first line are obvious. The formulas for L ∂Ξ h /∂η p and L ∂Ξ h /∂η q follow from Lemma 2. To prove the formula for L ∂Ξ h /∂z p we will calculate first its particular case with the use of Eqns. (14) and (15):
Consider a symbol P = u(η)f v(η), where u(η) and v(η) are monomials in the variables {η k } and {η l }, respectively. Taking into account Eqn. (24) and Lemma 3, we obtain
whence the formula for L ∂Ξ h /∂z p follows. The formula for L ∂Ξ h /∂z q can be checked by similar calculations. Our next task is to find an explicit expression for the operator Lηq which is possible due to Lemmas 2 and 4. It follows from Lemma 4 that
Therefore,
Assuming summation over repeated indices and taking into account Eqn. (12), we may write: (26) to Eqn. (25) we obtain an expression for the operator Lηq :
It can be shown that the product * h defined locally on the fibrewise polynomial functions on T M does not depend on the coordinates and thus is global, even when there is no global Hermitian line bundle on M with the global differential operators on it that would have these functions as their symbols. Denote by D(T M) h the space of series of the form
where A r ∈ D(T M) and lim r→∞ A r = 0 in the topology determined by the filtration {D r (T M)}. These series form an algebra. Lemma 2, Eqns. (12) and (27) imply that for any symbol P ∈ P(T M) the operator L P is in the space D(T M) h . In particular, for P, Q ∈ P(T M) the product P * h Q = L P Q is a polynomial in h, i.e., an element of
is an algebra with respect to the product * h and the mapping P → L P is a homomorphism from
Introduce a local potential Ξ −1 on T M as follows:
A simple check shows that the form There exists a deformation quantization with separation of variables on (T M, Ω −1 ) with the characterizing form Ω. The corresponding star product will be denoted * . In the rest of the paper we will extend the star product * on T M to singular symbols supported on the zero section Z which can be interpreted as a reduction to a deformation quantization with separation of variables on M.
Consider the 'formalization' mapping F that replaces h with ν (it will be used somewhat loosely). The formalizer F determines a homomorphism of the algebra D(T M) h to the algebra of formal differential operators on T M. In particular, it maps all left and right multiplication operators with respect to the product * h from Lemma 4 to the corresponding left and right multiplication operators with respect to the star product * . Thus the image of the algebra of left multiplication operators of the algebra (P(T M)[h], * h ) with respect to F commutes with the operators R b , Rηq , R ∂Ξ/∂z q , and R ∂Ξ/∂η q and therefore belongs to the algebra of left multiplication operators with respect to the star product * . This implies that F determines a homomorphism of the algebra (
Deformation quantization with separation of variables on the tangent bundle T M
A number of formulas from Section 3 have their formal analogues (with h replaced by ν) which can be proved directly. We list those of them which will be used in the sequel but give no proofs. The formal analogue of the first equation from (12) is that for φ, ψ ∈ C ∞ (M)
The formal analogues of the other two equations from (12) follow from the definition of deformation quantization with separation of variables. Denote by [·, ·] * the commutator with respect to the star product * . The formal analogue of Eqn. (13) is as follows:
(31) η k , φ * = −νgl k ∂φ ∂z l and η l , φ * = νgl k ∂φ ∂z k . Formulas (31) can be written in an equivalent form:
Given a finction f on M (which is identified with its lift to T M), one can express the operators L f and R f in terms of the (globally defined) formal differential operators
Denote by B * the formal Berezin transform of the star product * . Using Eqn. (30) we can prove the following lemma. 
The second formula can be proved similarly. They both imply the third one.
In the rest of this section we will calculate the canonical formal trace density of the star product * on T M. Given a potential (28) of the formal form Ω, we will show that the potential
satisfies Eqn. (9) rewritten in the notations adapted to the pseudoKähler manifold T M as follows:
The calculations below are based on Lemma 5. The following calculation proves the first formula:
The following one proves the second formula:
The next two formulas can be proved similarly. The proof of the last formula in (35) is as follows:
According to Eqn. (10), the canonical trace density µ * of the star product * is given by the formula
where λ m is a constant and dηdη = dη 1 . . . dη m dη 1 . . . dη m . Eventually, we obtain from Eqn. (8) that
which means that the star-product * is 'closed' (see [9] ). The constant λ m is thus determined by Eqns. (36) and (37) and can be explicitly calculated.
A fibrewise Fourier transformation
In this section we will use the following terminology and facts. A generalized function is a functional on the smooth compactly supported densities. If E → M is a fibre bundle then a fibrewise generalized function (i.e. a smooth family of generalized functions on the fibres of E) is a generalized function on the total space E. The action of a differential operator on the functions on E extends to the space of fibrewise generalized functions on E and to the space of all generalized functions on E.
Denote by E r the space of fibrewise generalized functions on the tangent bundle T M supported on the zero section of T M of order not greater than r and set E = ∪ r E r . Consider the subspace E ν ⊂ E[ν −1 , ν]] consisting of the elements such that for each A ∈ E ν there is an integer s for which A can be represented as
with A r ∈ E r−s for all r ≥ s.
Natural formal differential operators act on the space E ν . We will prove a more general statement. Set n = r + s + t. The order of the generalized function B r,t (A s ) is not greater than t + s − l. The Lemma follows from the fact that t + s − l = n − (r + l) ≤ n − (k + l) for any n. We identify the elements of the space C ∞ (T * M , Z) of functions on the formal neighborhood (T * M , Z) of the zero section Z of the cotangent bundle T * M with the formal series A = A 0 +A 1 +A 2 +. . ., where A r is a fibrewise homogeneous polynomial of degree r in the fibre variables on T * M (see the Appendix for the details on formal neighborhoods). Denote by P r the space of sums
where P s is a fibrewise homogeneous polynomial of degree s on the cotangent bundle T * M. The space
can be alternatively described as the set of formal series of the form
where s is some integer and P r ∈ P r−s for all r ≥ s. To see it, represent P r as P r = r−s t=0 1 ν t P r,t , where P r,t is a fibrewise homogeneous polynomial of degree t in the fibre variables on T * M. Then F can be rewritten as an element of
as follows:
The pseudo-Kähler metric g kl on M defines a global fibrewise density gdηdη on T M, where g = det(g kl ). Using this density and the natural pairing of T M and T * M , define a fibrewise Fourier transformation of the elements of the space E by the formula
It is an isomorphism of E r onto P r and therefore it extends to an isomorphism of the space
It transfers the differential operators on T M to operators on T * M as follows. For f = f (z,z) denote the pointwise multiplication operator by f by the same symbol. Then
Notice that the pointwise multiplication operator by a function u(η) transfers to a formal differential operator
where ∞ r=0 u r is the Taylor series of the function u(η) at the origin with u r a homogeneous polynomial of degree r.
Since the star product * on T M is natural, the left and right multiplication operators L A and R A are natural for any A ∈ C ∞ (T M). It follows from Lemma 6 that for [20] ). Consider the standard Poisson structure on T * M given on A, B ∈ C ∞ (T * M ) as follows:
There exist a Poisson and an anti-Poisson (global) morphisms S, T : The mapping S ⊗ T : φ ⊗ ψ → (Sφ)(T ψ) extends to a Poisson isomorphism
where the factorM is endowed with the Poisson structure opposite to (3) and the product M ×M by the product Poisson structure (see [19] ). Given a function f ∈ C ∞ (M) (which is identified with its lift to T * M), its pullback via the mapping S ⊗ T is the function δf , where δ is the formal analytic extension mapping (see the Appendix). To check it, it is sufficient to consider a function of the form
where a i and b i are local holomorphic and antiholomorphic functions, respectively. Then
Using the fact that the Fourier transforms of the operators J and K given by Eqn. (33) are
we can prove the following lemma.
Lemma 7. Given a function f on M, the Fourier transforms of the operators L f and R f are pointwise multiplication operators given by the formulasL
Since the fibrewise Fourier transform of the pointwise multiplication operator by f is also the multiplication operator by f , we get from Eqns. (34) and (41) that
The formula forR f can be proved similarly. Given a function f on M, denote by l f and r f the pullbacks of the operatorsL f andR f via the isomorphism (40), respectively. According to Lemma 7, (42) l f = f ⊗ 1 and r f = 1 ⊗ f.
For a Hamiltonian A ∈ C ∞ (T * M ) we will denote the corresponding Hamiltonian vector field on T * M by H A so that for B ∈ C ∞ (T * M )
Similarly, we will denote by h φ the Hamiltonian vector field on M corresponding to a Hamiltonian function φ so that
Our next task will be to calculate several left and right multiplication operators, their Fourier transforms and pullbacks via the mapping S ⊗ T . These calculations will be used in the rest of the paper.
Since L η p = η p and Rηq =η q we see from Eqn. (39) that
We see from Eqn.(43) and the fact that S ⊗ T is a Poisson morphism that
Formula (28) implies that
It follows from Eqns. (39), (45), and (46) that
A similar calculation shows that
Pulling these operators back via the mapping S ⊗ T we obtain that
where δ is the formal analytic extension mapping. Given a function φ on M, denote by A(f ) the following function on T M:
Notice that A(z k ) = η k and A(z l ) =η l . There is a formal analogue (with h replaced by ν) of the long and indirect formula (27) for the operator Lηq . It turns out that the Fourier transform of this operator has a nice expression. We will find a general formula for the operator L A(φ) by working first with its pullback l A(φ) via the mapping S ⊗ T . Using Eqns. (3), (30), and (31) we get that
Using Eqn. (42), we obtain from Eqn. (49) that
Since the left multiplication operators commute with the right multiplication operators, we see from Eqns. (42) and (50) that the operator
commutes with the functions ψ ⊗ 1 and 1 ⊗ ψ for any ψ ∈ C ∞ (M) and thus with the pointwise multiplication operators by the elements of the space C ∞ (M ×M , M diag ). Thus B(φ) is a pointwise multiplication operator itself. It follows from Eqns. (44) and (48) This implies that the function B(φ) is of the form C(φ)⊗1. To identify the mapping φ → C(φ) we will push forward the formula
The following formula can be obtained by straightforward calculations with the use of Eqns. (30) and (31).
CalculatingL A(φψ) in two different ways using Lemma 7, Eqns. (51) and (52) we get that 
We see from Eqns. (43), (47), and (54) that
Eventually we obtain a formula for the operatorL A(φ) :
Similarly, one can obtain a formula for the operatorR A(φ) :
A product on the singular symbols
We want to show that there exists a natural construction of an associative product • on the space
] compatible with the bimodule structure over the star algebra (C ∞ (T M)[ν −1 , ν]], * ) so that one can define an associative product on the direct sum
The compatibility conditions are as follows. For
, and (58)
Assume now that there exists such an associative product • on the space
satisfying the compatibility conditions (58). We want to study the properties that this product must have. We identify the functions on T * M which do not depend on the fibre variables ξ k ,ξ l with the functions on M. Thus the space
the product φ • A does not depend on the holomorphic fibre variables ξ k and A • φ does not depend on the antiholomorphic fibre variablesξ l . Therefore
is closed with respect to the product •. We will make an assumption that the algebra (
•) has a unity ε which is an invertible formal function,
where n is an integer and ε n is nonvanishing. In the whole algebra
•) the element ε will be an idempotent. Taking into account Eqn. (58) we see that for
Notice that Q(1) = 1. We will assume that Q is a formal differential operator. Define an associative product
The unit constant 1 is the unity in the algebra (
. We will make a further assumption that the operation • is a star product on M with respect to some Poisson structure on M. The assumptions we have made allow us to identify this star product. Since for a local holomorphic function a and an antiholomorphic function b It follows from the definition (59) of the operator Q and compatibility conditions (58) that
Therefore Q = B • and we obtain the following formula The formal invertible function ε can be represented on U as ε = e θ for some formal function θ = n log ν + θ 0 + νθ 1 + . . .. Set
so that ε = e Φ−Ψ . We see from Eqn. (56) that
We will need the following two technical lemmas.
Lemma 8. Given a function f = f (z,z) on the chart U, the following formulas hold:
Proof.
Using the first formula, we obtain
which concludes the proof.
Lemma 9. Given local functions φ, ψ on M, the following formula holds:
Proof. It is sufficient to consider the function ψ of the form
where a i and b i are local holomorphic and antiholomorphic functions, respectively. Then, using Eqns. (60) and (61), we get that
• (ψ)•φ ε, which proves the Lemma. SinceRηl = −iν∂/∂ξ l and the function ε does not depend on the fibre variables ξ,ξ, we obtain from formulas (62), (65), and Lemma 8 that for an arbitrary formal function
We conclude from Eqn (66) that
Using Lemma 9 we obtain that
Formulas (67) and (68) imply that for any formal function f on U
A calculation similar to (66) that starts with the observation that
Since −Ψ + log g is a potential of the formω, it immediately follows from Eqn. Since ε = e Φ−Ψ , we conclude from (72) that εω m −1 must be a global trace density of the star product ⋆, which determines ε up to a formal constant factor. We see that the assumptions made in this section determine what the product • and the formal function ε might be. Now we will give an explicit definition of the product •. Denote by µ ⋆ the canonical formal trace density of the star product ⋆ and fix an arbitrary nonzero formal constant C(ν). There exists a unique invertible formal function
on M for some integer n and with ε n nonvanishing such that
We want to define an operation
as suggested by Eqn. (62). Formulas (58) and (75) allow to define the product • on the elements of
Using the method explained in the Appendix one can extend the product • to the whole space
One can also show applying the technique used in this paper that the product • satisfies compatibility conditions (58). Now we will prove the associativity of this product.
Proof. Because of the compatibility conditions (58) it is sufficient to prove that for any functions
or, equivalently, that
Using Eqn. (58), simplify Eqn. (77) as follows:
Setting φ = ψ 1 φ 2 and ψ = ψ 2 φ 3 rewrite Eqn. (78) as
It is sufficient to prove Eqn. 
A similar calculation shows that the right-hand side of Eqn. (79) also equals B ⋆ (φ ⋆ ′ ψ)ε, which proves the Lemma.
by the formula
It is sufficient to prove Eqn. (80) locally for functions φ, ψ of the form φ = a 1 b 1 and ψ = a 2 b 2 , where a 1 , a 2 are local holomorphic and b 1 , b 2 local antiholomorphic functions. It follows from Eqns. (58) and (75) that
which concludes the proof. Setting f = 1 in Eqn. (75) we see that the element ε is an idempotent in the algebra (
we call the element of the space
given by Eqn. (75) the Toeplitz element corresponding to the function f and denote it T f . Thus where s is a section and | · | h is the Hermitian fibre metric (it is implied that h = 1/N). The symbol mapping P →P constructed in Section 3 is involutive. Namely, the complex conjugate symbolP corresponds to the Hermitian conjugate operatorP * . A global differential operatorP on L ⊗N with the symbol P = f k (z,z) * h η k , given by the formulâ
annihilates the holomorphic sections of L ⊗N . The range of the conjugate operatorP * with the symbolP =η l * hfl , given by the formulâ T f = B ⋆ (f )ε = Q B⋆(f ) . The statement of the Corollary follows from the fact that the formal Berezin transform B ⋆ is an equivalence operator for the deformation quantizations corresponding to the star products ⋆ and ⋆ ′ . As it was shown in [21] , the Berezin-Toeplitz star product on a Kähler manifold (M, ω −1 ) coincides with the star product ⋆ ′ whose opposite star product⋆ determines the deformation quantization with separation of variables on (M, −ω −1 ) with the characterizing formω given by Eqn. (63). Thus the construction presented in this paper can be thought of as a formal model of Berezin-Toeplitz quantization. This construction remains valid for any invertible formal constant C(ν) in the definition of the idempotent ε given by Eqn. (74). In the rest of the section we will show that there is a natural normalization of ε which determines it uniquely.
Given a formal function f ∈ C ∞ (M)[ν −1 , ν]], one can define an element E f ∈ E ν by the following local formula Given functions φ, ψ ∈ C ∞ (M), we will denote by φ⊗ψ both a function on M ×M and the corresponding element in C ∞ (M ×M , M diag ) which will be called factorizable. Let A be a differential operator on M. In this Appendix we will explain how to extend the bilinear operation 
